We resolve an open problem concerning finite logical implication for path functional dependencies (PFDs). This note is an addendum to [4] .
Preliminaries
Definition 1 (Description Logic DLF D) Let F and C be sets of feature names and primitive concept names, respectively. A path expression is defined by the grammar " Pf ::= f. Pf | Id" for f ∈ F . We define derived concept descriptions by a second grammar on the left-hand-side of Figure 1 . A concept description obtained by using the final production of this grammar is called a path-functional dependency (PFD).
An inclusion dependency C is an expression of the form D ⊑ E. A terminology T consists of a finite set of inclusion dependencies.
The semantics of expressions is defined with respect to a structure (∆, · I ), where ∆ is a domain of "objects" and (.)
I an interpretation function that fixes the interpretations of primitive concepts C to be subsets of ∆ and primitive features f to be total functions (f ) I : ∆ → ∆. The interpretation is extended to path expressions, (Id )
I and derived concept descriptions D and E as defined on the right-hand-side of Figure 1 .
for all interpretations that satisfy all constraints in T .
In addition, we classify constraints by the description on their right-hand side as PFDs, when the right-hand side is of the form D : Pf 1 , . . . , Pf k → Pf, and as simple constraints otherwise. 
Undecidability
We show a reduction of a tiling problem to the finite logical implication problem for DLF D using a construction similar to that presented in [4] . In this earlier work, the unrestricted tiling problem that asks if an infinite tiling exists was used. In our case, we rely on a finite version of a similar problem that remains undecidable.
A tiling problem U is a triple (T, H, V ) in which T is a finite set of tile types and H, V ⊆ T × T are a pair of binary relations. A solution to a tiling problem is an assignment of tiles to a two-dimensional surface that satisfies the H and V relations.
1 For example, a solution for an unrestricted upper quadrant tiling problem is a function t : N × N → T such that (t(i, j), t(i + 1, j)) ∈ H and (t(i, j), t(i, j + 1)) ∈ V for all i ∈ N. This problem can simulate a Turing machine looping problem, which is not decidable [1, 5] . Similarly, determining if a finite n × m tiling exists, for some n, m > 0, (given an initial tile placed in a lower left corner) implies that a Turing machine halts (starting from an empty tape). To reduce notation in the following, we consider more particularly the tiling problem of a finite torus. (It is straightforward but tedious to show how to simulate an n × m tiling with a finite torus tiling.)
The main step in the reduction is to establish an integer torus in which an arbitrarily large finite rectangle can be embedded. This can be achieved, e.g., as follows. 
. Ensure that squares are formed by adding the following 2 .
The dependencies X ⊑ ∀a.A ⊓ X : a → Id and A ⊑ ∀f.X ⊓ A : a → Id induce, as a finite logical consequence, an incoming f feature originating in an A object for every X object. The same holds for B, C, and D objects; hence every X object has four incoming f features. The accumulated effect of these inclusion dependencies on an interpretation is illustrated in Figure 2 .
The adjacency rules for the instance U of the tiling problem can now be captured as follows:
where T i corresponds to a tile type t i ∈ T ; we assume T i ⊓ T j ⊑ ⊥ for all i < j.
The combination of all the above comprise a terminology T U associated with a tiling problem U . Now, U admits a finite solution iff
where T 0 is an initial tile. And since the halting problem can be reduced to the existence of a finite tiling, we therefore have the following.
Theorem 2
The finite logical implication problem for DLF D is undecidable.
Consequently, finite satisfiability DLF D knowledge bases is also undecidable. Note that the construction uses only unary keys (functionality) and unary functional dependencies and does not need the full power of PFDs.
